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Abstract
We present a possible explanation to the tiny positive cosmological constant under
the frame of AdS5 spacetime embedded by a dS4 brane. We calculate the dark energy
density by summing the zero point energy of massive scalar fields in AdS5 spacetime.
Under the assumption that the radius of AdS5 spacetime is of the same magnitude as
the radius of observable universe, the dark energy density in dS4 brane is obtained,
which is smaller than the observational value. The reasons are also discussed.
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1 Introduction
In Randall-Sundrum models,[1] the vacuum energy in the bulk is given by a bulk
cosmological constant, which can not be calculated from more fundamental theory,
such as quantum field theory. It is well known that there are several kinds of scalar
fields in vacuum in modern physics. One of the most famous examples is the inflaton
field, which drives the inflation of universe. In this Letter, we therefore study the
vacuum energy density from the viewpoint of the zero point energy of scalar fields.
Recent astronomical observations on Type Ia supernova [2, 3] and the cosmological
microwave background radiation [4, 5] indicate that our universe is spatially flat and
accelerating at present, which supports for a concordant cosmological model of inflation
+ cold dark matter + dark energy. Dark energy is one of the most popular topics in
recent years, which has invoked much discussion in both theoretical physicists [6] and
astronomers. Dark energy can be looked as vacuum energy from the cosmologists’
point of view. The vacuum energy density calculated by quantum field theory is much
larger than the possible observed value.[7, 8] Many scenarios have been proposed in
trying to solve this problem. However, up to now, there has not yet been a generally
accepted theory that can give a vacuum energy density, whose order is the same as
that of the observed value.
Here we propose a scenario to study this problem under the framework of brane
world. Following Randall and Sundrum,[1] we consider a dS4 brane embedded in an
AdS5 spacetime. The solution of the Einstein equation and the localization of gravity in
this setup have been acquired.[9, 10] On the other hand, Chang et al. [11] gave the exact
solutions of massive scalar fields in AdSn manifold, where the discrete spectra of the
mass eigenvalues were acquired. Therefore following the method proposed by Chang
and Huang,[12] we assume that the total vacuum energy in the bulk is given by the sum
of the zero point energy of massive scalar fields. Hence the observable effective four-
dimensional vacuum energy density in brane should be the five-dimensional vacuum
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energy density times the radius of the extra dimension.
In supersymmetric grand unified theories (GUT), for instance, in supersymmetric
SO(10) model, all of the gauge field coupling constants can be unified. To realize
the unification of gravitation with other gauge fields, the fundamental energy scale of
five-dimensional gravity should be the same as the supersymmetric GUT energy scale.
When we select the supersymmetric GUT energy scale MG as the fundamental energy
scale of five-dimensional gravity, simultaneously the radius of the AdS5 space-time
is admitted by the astronomical observations, the tiny but nonzero four-dimensional
cosmological constant can be acquired, which is slightly smaller than the value given by
modern astronomical observations.[3, 4] The possible reasons leading to this smallness
are also discussed at the end of this paper.
2 Basic Setup
Considering an AdS brane world with a dS4 brane embedded at y = 0. It is assumed
that there are gravity and vacuum energy in the bulk. Hence, the action can be written
as
S =
∫
d4x dy
[√
G
(
M3
2
R− Λ
)
−√−gV δ(y)
]
, (1)
where
Λ
M3
(Λ < 0) and M are respectively the bulk cosmological constant and fun-
damental energy scale of five-dimensional gravity. According to the assumption, the
metric on the brane world can be written as follows (here five-dimensional suffices are
denoted by capital Latin and the four-dimensional suffices by the Greek ones),
ds2 = e2A(y)gµνdx
µdxν − dy2 , µ, ν = 0, 1, 2, 3, (2)
where gµν is the metric on the brane and
gµν = diag
(
1, − e2
√
λx0 , − e2
√
λx0 , − e2
√
λx0
)
. (3)
Here
√
λ (λ > 0) is the curvature of the dS brane. According to de Sitter [7], λ4 = 3λ
is the four-dimensional cosmological constant of the brane.
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The five-dimensional Einstein equations for the above action read
RMN − 1
2
GMNR =
1
M3
[
ΛGMN −
√−g√
G
V gµνδ
µ
Mδ
ν
Nδ(y)
]
. (4)
By solving the Einstein equations of this setup, Warp factor A(y) is acquired as
follows,[9, 13]
A(y) = log(L
√
λ sinh
c− |y|
L
), (5)
where c is a positive integration constant that represents the distance between the
brane and the horizon. The radius of the bulk is given by
L =
√
6M3
−Λ . (6)
Imposing the normalization condition A(0) = 0 on Eq. (5), we can write λ in terms of
c, namely
λ = L−2 sinh−2
c
L
. (7)
Due to the presence of brane at y = 0, the first order differential of A(y) is not
continuous. Fine-tuning leads to the relation between the brane tension V and the
distance c. The brane tension is expressed by
V =
6M3
L
coth
c
L
. (8)
The localization of gravity has been studied by several Authors.[9] Their results show
that the gravity in AdS5 space-time with a dS4 brane is localized. Moreover, Kehagias
and Tamvakis indicated that the conventional Newton law is valid in this setup.[10]
We now present the derivation of the four-dimensional effective Planck energy scale
MP (MP is defined by M
2
P =
1
8piGN
with GN being the Newtonian gravitational con-
stant). The zero mode of four-dimensional graviton following from the solutions (2)
and (5) is described by an effective action, which is derived from Eq. (1),
Seff ⊃ M
3
2
∫
d4x
∫ c
−c
dy e2A(y)
√−g R, (9)
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where R denotes the four-dimensional Ricci scalar made out of gµν(x), in contrast to
the five-dimensional Ricci scalar R, which is made out of GMN(x, y). Because the
effective graviton field is four-dimensional, we can explicitly perform the y integral to
acquire a purely four-dimensional action. From this we obtain
M2P = M
3
∫ c
−c
e2A(y)dy =
λM3L3
2
(sinh
2c
L
− 2c
L
) . (10)
Here the simple relation between the four-dimensional effective Planck energy scale
MP and the five-dimensional fundamental scale of gravity M is acquired, which is
quite different from the relations given by Arkani-Hamed et al.[14] or Randall-Sundrum
models.
In Randall-Sundrum model 2, a flat brane was embedded in an AdS5 bulk, there
was a fine-tuning between the bulk cosmological constant and the brane tension. Now,
there is not a necessary fine-tuning between them in our setup. How can we determine
the bulk cosmological constant? We will connect the bulk cosmological constant with
the bulk energy density, and furthermore calculate the bulk energy density by summing
up the zero-point energies of massive scalar field in the bulk. In AdS4 space-time, the
same idea has been carried out and an interesting result has been presented.[12]
To discuss the massive scalar field in our brane world, we introduce other coordi-
nates to describe the brane world. It will be shown that those two coordinates are
equivalent. AdS5 space-time can be treated as a submanifold of a pseudo-Euclidean
six-dimensional space with Cartesian coordinates ξa
(ξ0)2 − (ξ1)2 − (ξ2)2 − (ξ3)2 − (ξ4)2 + (ξ5)2 = L2 ,
ds2 = (dξ0)2 − (dξ1)2 − (dξ2)2 − (dξ3)2 − (dξ4)2 + (dξ5)2. (11)
The brane is a hypersurface in this coordinates, which can be expressed as


(ξ0)2 − (ξ1)2 − (ξ2)2 − (ξ3)2 − (ξ4)2 = −1
λ
,
ξ5 =
√
L2 +
1
λ
.
(12)
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Obviously the symmetry group of AdS5 is the conformal group SO(4, 2). Introduce
the Beltrami coordinates
zi = L
ξi
ξ5
, i = 1, 2, 3, 4. (13)
Chang et al.[11] indicated that in the coordinate (ξ0, zα), the metric of AdS5 can be
written as
ds2 =
1
1− L−2ξ0ξ0dξ
0dξ0 − (1− L−2ξ0ξ0)dz(I − L
−2z′z)−1dz′
1− L−2zz′ , (14)
where the vector z denotes (z1, z2, z3, z4) and z′ represents the transpose of the vector
z.
In the spherical coordinate (z1, z2, z3, z4) −→ (ρ, θ, φ, ω), the SO(4, 2) invariant
metric (14) is in the form
ds2 =
1
1− L−2ξ0ξ0dξ
0dξ0 − (1− L−2ξ0ξ0)
×

 dρ2(
1− ρ2
L2
)2 + ρ
2
1− ρ2
L2
(
dθ2 + sin2 θdφ2 + sin2 θ sin2 φdω2
) , (15)
and the brane can be written as
ξ0ξ0 − ρ2
(
1 +
1
λL2
)
= −1
λ
. (16)
There is a horizon[11] in the coordinate (ξ0, z). Comparing with the metric in Eqs. (2)
and (3), we limit our physical brane world in the region of |ξ0| < L. In this region of
AdS, we can introduce a time-like variable τ as
ζ ≡ ξ
0
L
≡ sin( τ
L
). (17)
Then we have a Robertson-Walker-like metric
ds2 = dτ 2 − R2(τ)

 dρ2(
1− ρ2
L2
)2 + ρ
2
1− ρ2
L2
(
dθ2 + sin2 θ dφ2 + sin2 θ sin2 φ dω2
) , (18)
where we have used the notation R(τ) = cos(
τ
L
). The dS4 brane thus becomes
cos2 τ
L
1 + 1
λL2
+
ρ2
L2
= 1. (19)
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It can be checked that the metrics (2) and (18) describe the same bulk manifold, in
which L is the radius of AdS5 space-time. It is obvious that Eq. (19) gives a dS surface,
whose curvature is
√
λ. Then, one can have a conclusion that those two coordinates
are equivalent and describe the same brane world.
To study dark energy density in the bulk, we introduce scalar field in this space-
time. The equation of motion for a massive scalar field in AdS5 space-time is of the
form
 1
R4
∂
∂τ
(
R4
∂
∂τ
)
− (1− L
−2ρ2)
5
2
R2ρ3
∂
∂ρ
(
ρ3
(1− L−2ρ2) 12
∂
∂ρ
)
− 1− L
−2ρ2
R2ρ2 sin2 θ
(
∂
∂θ
(
sin2 θ
∂
∂θ
)
+
1
sinφ
∂
∂φ
(
sinφ
∂
∂φ
)
+
1
sin2 φ
∂2
∂ω2
)
+m20
]
Φ(τ ; ρ, θ, φ, ω) = 0.
(20)
In the literature,[11, 12, 15, 16] the solutions of Eq. (20) were given by variable sepa-
ration as follows,
Φ(τ ; ρ, θ, φ, ω) = T (τ)U(ρ)Ylmn(θ, φ, ω). (21)
The reduced equations of motion in terms of T (τ), U(ρ) and Ylmn(θ, φ, ω) are of the
form
∂2U
∂ρ2
+
−2L−2ρ2 + 3
ρ(1 − L−2ρ2)
∂U
∂ρ
+
k2
(1− L−2ρ2)2U −
l(l + 2)
ρ2(1− L−2ρ2)U = 0, (22)
R2
d2T
dτ2
+ 4R
dR
dτ
dT
dτ
+ (m20R
2 + k2)T = 0, (23)
∂2Ylmn
∂θ2
+ 2cotθ
∂Ylmn
∂θ
+
1
sin2 θ
∂2Ylmn
∂φ2
+
1
sin2 θ
cotφ
∂Ylmn
∂φ
+
1
sin2θ
1
sin2φ
∂2Ylmn
∂ω2
+ l(l + 2)Ylmn = 0. (24)
It is obvious that the solutions of the angular part are of the three-dimensional spherical
harmonic functions Ylmn(θ, φ, ω).
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For convenience, setting σ = L−1ρ, we rewrite Eq. (22) as
∂2U
∂σ2
+
[
2
σ
+
1
σ(1− σ2)
]
∂U
∂σ
+
k2L2
(1− σ2)2U −
l(l + 2)
σ2(1− σ2)U = 0. (25)
The solution of Eq. (25) is of the form [11]
U(ρ) = C( ρ
L
)l(1− ρ
2
L2
)
µ
2F(1
2
(l + µ+ 1),
1
2
(l + µ), l + 2;
ρ2
L2
), (26)
where C is the normalization constant, F is the confluent hypergeometric function, and
µ satisfies
µ2 − 3µ+ k2L2 = 0. (27)
The time-like evolution equation (23) can be transformed into the associated Leg-
endre equation, therefore the solutions are presented as
T1(τ) ∝ 1
cos τ
L
PNI (ζ) , T2(τ) ∝
1
cos τ
L
QNI (ζ) ,
I = −1
2
+
√
4 +m20L
2, N =
√
9
4
− k2L2, (28)
where PNI (ζ) and QNI (ζ) are the associated Legendre functions. Because QNI (ζ) be-
comes infinite on the boundary |ξ0| = L, we would ignoreQNI (ζ). The natural boundary
condition of PNI (ζ) on |ξ0| = L requires I, N to be integers. From Eq. (28), we can
acquire the discrete spectrum of the eigen mass and wave number of the scalar field as
follows,
L2m20 +
15
4
= I(I + 1),
−k2L2 + 9
4
= N2 , |N | ≤ I.
(29)
Because of orthogonality of the associated Legendre functions PNI (ζ) and the spherical
harmonic functions Ylmn, we can write the orthogonal wave functions of scalar fields in
AdS5 space-time in the form
ΦNIlmn(τ ; ρ, θ, φ, ω) ∝ U(ρ)(cos τL)−1PNI (ζ)Ylmn(θ, φ, ω). (30)
In quantum field theory, the vacuum is treated as the ground state of quantum
fields. Then the vacuum energy should be the sum of the zero point energy of all kinds
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of quantum fields. Similarly, we assume that the bulk energy density comes from the
zero point energy of all kinds of fields in the bulk. We can sum up the contributions of
scalar fields with different mass since the discrete mass spectrum has been obtained for
scalar fields in AdS5 space-time. Einstein mass-energy formula in AdS5 is of the form
(with h¯ = c = 1) similar to that in Minkowski space-time. Because angular momentum
must be zero, the ground state energy of a simple harmonic oscillator is E2 = m20+ k
2.
Thus the energy density of AdS vacuum devoted by scalar fields can be presented as
follows,
〈ρ〉s = pi2
∑
m0
∑
k
k3
(2pi)4
δk
√
m20 + k
2, (31)
where δk is the wave-vector difference of two eigen states. When N = 0, k =
3
2L
and
N = ±1, k =
√
5
2L
. Therefore, Eq. (29) can be used to obtain the energy density of
vacuum as follows
〈ρ〉s = 3−
√
5
32pi2L5
Imax∑
I=Imin

5
√
5
4
√
I(I + 1)− 5
2
+
27
8
√
I(I + 1)− 3
2

 , (32)
where Imin = 3, obained from the first equation of (29), and Imax is the cutoff of mass
spectrum. We would estimate Imax as the five-dimensional fundamental energy scale
M . Namely, the maximal energy Emax is the energy corresponding to the cutoff Imax
Emax = M =
1
L
√
Imax(Imax + 1)− 3
2
. (33)
Substituting Eq. (33) into Eq. (32) yields
〈ρ〉s = 3−
√
5
32pi2
(
5
√
5
8
+
27
16
)
M2
L3
=
0.074
pi2
M2
L3
. (34)
We therefore obtain the vacuum energy density in the bulk by adding the zero point
energy of scalar fields. It is reasonable to assume that the vacuum energy density of
the brane is of the magnitude of the vacuum energy density in the bulk 〈ρ〉s times the
radius of extra dimension L, namely
〈ρ〉4 ∼ 〈ρ〉sL = 0.074
pi2
M2
L2
. (35)
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Having argued in the present introduction, we select the supersymmetric GUT energy
scale MG = 3.1× 1016GeV as the fundamental energy scale of five-dimensional gravity
M . Then Eq. (35) gives
L ∼ MG
pi
√
0.074
〈ρ〉4 =
MG
pi
√
8piGN
0.074
λ4
=
MG
piMp
√
0.074
λ4
. (36)
Obviously, one can reasonably believe that the radius of AdS5 space-time should
be of the same magnitude as the radius of our observable universe, that is,
L ∼ 1
H0
∼ 1026 m, (37)
where H0 is the present Hubble constant. Then the four-dimensional cosmological
constant λ4 is
λ4 ∼ 10−58 m−2 (10−90 GeV2). (38)
The recent cosmological observations[3, 4, 5] indicated that the cosmological constant is
about 1.0× 10−52 m−2. Hence the four-dimensional cosmological constant we obtained
is smaller than the observational value. The reasons, we think, mainly include the two
aspects: (1) The zero point energy of other scalar fields at the brane, i.e., Higgs field,
should also give benefit to the vacuum energy. (2) Since there are no experimental
implications that the supersymmetric GUT or other GUT energy scale can not be
higher than MG till now, it is possible that the GUT energy scale is higher than MG.
In conclusion, the unification of gravity with other gauge field interactions and a
tiny but nonzero dark energy density are two fundamental problems in modern physics.
Various attempts have been made in trying to solve them. It can be found in this
study that in the model of an AdS5 space-time embedded by dS4 brane, the hierarchy
problem and the cosmological constant problem could be correlated and explained
simultaneously. The dark energy density in the bulk is calculated by summing the
zero-point energies of massive scalar fields in AdS5 space-time. Since the radius of
AdS5 spacetime is of the same magnitude as the radius of observable universe, the dark
energy density in dS4 brane is obtained, which is slightly smaller than the observational
value. The reasons are also discussed in this study.
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